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THE T-SINGULAR HOMOLOGY OF ORBIFOLDS
YOSHIHIRO TAKEUCHI AND MISAKO YOKOYAMA
Abstract. For an orbifold M we define a homology group, called t-singular
homology group t-Hq(M), which depends not only on the topological structure
of the underlying space ofM , but also on the orbifold structure ofM . We prove
that it is a b-homotopy invariant of orbifolds. If M is a manifold, t-Hq(M)
coincides with the usual singular homology group. We calculate the t-singular
homology groups with Z-coefficients of several orbifolds. The t-singular ho-
mology group with rational coefficients of an orbifold M is isomorphic to the
singular homology group with rational coefficients of M (and to that of |M |).
For each q we define a homomorphism from the orbifold homotopy group
piq(M,x0) to t-Hq(M) by using of t-modifications. Especially, t-H1(M) is
isomorphic to the abelianization of pi1(M,x0) if M is arcwise connected.
1. Introduction
The notion of orbifold was first introduced by [Sa] under the name of V -manifold.
The name of ‘orbifold’ is after [Th], where orbifolds, especially 3-orbifolds, were
studied hardly from a different view point.
Speaking of the algebraic invariants of orbifolds, in [Sa] Satake studied the sin-
gular homology, de Rham cohomology and check (co)homology. The singular ho-
mology group of an orbifold is isomorphic to the singular homology group of its
underlying space. In [Th] Thurston studied the Euler number, and the fundamen-
tal group of an orbifold. The latter was defined as the deck transformation group of
the universal orbifold covering space. In [F-S] Furuta and Steer defined a homotopy
group and a cohomology of an orbifold.
In this paper we define a homology group of an orbifold M , called t-singular
homology group t-Hq(M), which respects the orbifold structure and is not a topo-
logical invariant of the underlying space in general. The homotopy group πq(M,x0)
ofM is regarded as the group of homotopy classes of q-dimensional singular spheres
with base point x0. Then we define the Hurewicz homomorphisms from the orbifold
homotopy group to the t-singular homology group.
When we imagine what ‘a singular homology group of an orbifold M ’ is, three
types of those might come into our minds. The first one is the singular homology
group of the underlying space of M . The second one is the singular homology
group of a topological space constructed from the orbifold M , or its variation.
The third one is the singular homology group obtained by a generalization of the
singular homology theory of manifolds to that of orbifolds. Here in this paper we
will choose the third one.
First we prepare two kinds of continuous maps of orbifolds. One is called just a
continuous map, which consists of a continuous map between the underlying spaces
Key words and phrases. orbifold, V-manifold, orbifold homology group, orbifold fundamental
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and a family of continuous maps between local uniformizations. The other is called
a b-continuous map, which is continuous and maps at least one regular point to
a regular point. The latter map was called an orbi-map in [Ta 1, Ta 2, T-Y 1],
etc. Then homotopy equivalence and b-homotopy equivalence are considered. A b-
homotopy was called an orbi-homotopy in [Ta 1, Ta 2, T-Y 1], etc. Isomorphisms
and covering maps between orbifolds are regarded as special cases of continuous
maps of orbifolds.
Next we define a q-dimensional t-singular simplex of an orbifold M to be a con-
tinouous map from the standard q-dimensional simplex to M , which is ‘tame’ and
‘transverse’ with respect to the singular set of M . Then the t-singular homology
group of M is defined in a usual way by using of the chain complex of the free
abelian group generated by t-singular simplices of M . Since an isomorphism be-
tween orbifolds is a chain map and induces an isomorphism between their t-singular
chain complices, this homology group is an isomorphism invariant of orbifolds.
In general, a b-continuous map does not induce a homomorphism between the
t-singular chain complices because the composition of a t-singular simplex and a b-
continuous map is not necessarily a t-singular simplex. But we can define an induced
homomorphism between the t-singular homology groups by a t-modification. The
homomorphism does not depend on the choice of a t-homotopy in the modification.
Then we prove the b-homotopy invariance of the t-singular homology group.
The fundamental group of an orbifold is regarded as ‘the group of the b-homotopy
classes of loops with fixed base point’. It is ismorphic to the group defind by
Thurston in [Th] as the fundamental group of an orbifold, that is, the deck trans-
formation group of the universal covering space. It is also isomorphic to the group of
equivalent classes of paths in the universal covering space, see [Ta 2]. We show ‘the
Hurewicz isomorphism theorem’ which is the abelianization from the fundamental
group onto the first t-singular homology group.
In [F-S] Furuta and Steer defined πq of an orbifold as the πq−1 of the orbifold loop
space. In this paper πq is regarded as the group of the homotopy classes of singular
q-spheres, which is eqivalent to the above. If q ≥ 2, then πq is commutative. We
define the Hurewicz homomorphism from πq to the q-th t-singular homology group
t-Hq(M).
In the following we summarize the contents of the paper. In Section 2 we give
some basic preparations on orbifolds. In Section 3 we describe on (b-)continuous
maps, (b-)homotopies, and the fundamental groups of orbifolds. In Section 4 we
define the t-singular homology group of an orbifold. In Section 5 we define a t-
modification to construct a homomorphism between the t-singular homology groups
induced by a b-continuous map (see Theorem 5.13). Theorem 5.16 says that if two
orbifolds are b-homotopy equivalent, then their t-singular homology groups are
isomorphic. In Section 6 we define the Hurewicz homomorphism from πq(M,x0)
to t-Hq(M) where πq(M,x0) is the q-th homotopy group of an orbifold M with
base point x0. We show the Mayer-Vietoris exact sequences and the Ku¨nneth’s
formula for the t-singular homology in Sections 7 and 8. Some examples of the
t-singular homology groups are given in Section 9. The singular (not t-singular)
homology group of an orbifold is isomorphic to the singular homology group of its
underlying space. We point out this fact in Section 10. In Section 11 we show
that the t-singular homology group with rational coefficients of an orbifold M is
isomorphic to the singular homology group with rational coefficients of M (and to
that of |M |). In Section 12, we give the definition of the ws-singular cohomology of
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an orbifold. In [T-Y 2] we will prove the duality theorem of the t-singular homology
group between the ws-singular cohomology group.
Acknowledgements. The authors would like to thank to Toshiyuki Akita,
Yoshihiro Fukumoto, Mikio Furuta, Mitsuyoshi Kato, Norihiko Minami, Masaharu
Morimoto, and Akihiro Tsuchiya for their useful comments.
2. Preliminaries on orbifolds
By an n-dimensional (topological) orbifold M , we shall mean a Hausdorff space
X together with a system S = ({Ui}, {ϕi}, {U˜i}, {Gi}, {ϕ˜ij}, {ηij}) which satisfies
the following:
(i) {Ui} is an open cover of X , which is locally finite and closed under finite
intersections.
(ii) For each Ui, there exist a finite group Gi acting smoothly and effectively on
a connected open subset U˜i of R
n
+ and a homeomorphism ϕi : U˜i/Gi → Ui.
(iii) If Ui ⊂ Uj, then there exists a monomorphism ηij : Gi → Gj and an em-
bedding ϕ˜ij : U˜i → U˜j such that for any σ ∈ Gi and x ∈ U˜i, ϕ˜ij(σx) =
ηij(σ)ϕ˜ij(x) and the following diagram commutes, where ϕij is induced by
the monomorphism ηij and the embedding ϕ˜ij , and ri, rj are the natural
projections.
U˜i
ϕ˜ij
−−−−→ U˜j
ri
y yrj
U˜i/Gi
ϕij
−−−−→ U˜j/Gj
ϕi
y yϕj
Ui −−−−→ Uj
(2.1)
(iv) If Ui ⊂ Uj ⊂ Uk, then ϕ˜jk ◦ ϕ˜ij = ϕ˜ik. (From this formula and (iii), it holds
that ηjk ◦ ηij = ηik.)
Each ϕi ◦ ri : U˜i → Ui is called a local chart of M , and {ϕi ◦ ri : U˜i → Ui} is
called a system of local charts of M . S is called an atlas of M . If S ′ is obtained
from S by changing each ϕ˜ij to gj ◦ ϕ˜ij for some gj ∈ Gj and satisfies (iv) (and
automatically, (i) ∼ (iii)), then S and S ′ give the same orbifold structure. Two
atlases give the same orbifold structure if their union is again a compatible atlas.
We call X the underlying space of the orbifoldM , and denote it by the symbol |M |.
Throughout this paper we assume |M | to be paracompact.
For each x ∈ |M | a local chart ϕ◦r : U˜ → U ofM such that U contains x is called
a local chart around x, and U˜ is called a local uniformization around x. The local
group at x, denoted by Gx, is the isotropy group of any point in U˜ corresponding
to x. This is well defined up to isomorphism. We call the order of Gx the index
(or weight) of x, and denote it by w(x). The set {x ∈ |M | | Gx 6= id} is called the
singular set of M and denoted by ΣM . If ΣM = φ, M is a topological manifold.
A local chart U˜i → U˜i/Gi → U around x is reduced if Gi is the local group at
x. A point of ΣM is called a singular point, and a point of |M | − ΣM is called a
regular point. A base point of M is a fixed chosen point of |M | − ΣM . A stratum
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of M is a maximal connected component of |M | on which the orders of the local
groups are constant. We denote the set of all k-dimensional strata by Σ(k)M . An
orbifold M is connected if |M | is connected.
Remark 2.1. If each ϕ˜ij is a smooth embedding in the above, we call M a smooth
orbifold. Note that (iv) is not assumed in the definition of orbifold (V-manifold) in
[Sa] or [Th].
3. Continuous map, homotopy and fundamental group
In this section first we review the definitions of (b-) continuous map between orb-
ifolds. Isomorphisms and covering maps are regarded as special cases of continuous
maps (cf. [Th]).
Definition 3.1. Let M and N be orbifolds. By a continuous map f : M → N ,
we shall mean a continuous map |f | : |M | → |N | together with a system F =
({ϕi ◦ ri : U˜i → Ui}i∈I , {ψj ◦ sj : V˜j → Vj}j∈J , {f˜iν : U˜i → V˜ν}i∈I,ν∈Ji) of a
system of local charts of M , and of N , and a family of continuous maps, where
Ji = {ν ∈ J | |f |(Ui) ⊂ Vν}, which satisfies the following:
(0) For any i ∈ I, Ji 6= ∅.
(i) For any i ∈ I and any ν ∈ Ji, |f | ◦ (ϕi ◦ ri) = (ψν ◦ sν) ◦ f˜iν .
(ii) For any i ∈ I, any ν ∈ Ji, and any σA ∈ Aut(U˜i, ϕi ◦ ri), there exists an
element τA ∈ Aut(V˜ν , ψν ◦ sν) such that f˜iν ◦ σA = τA ◦ f˜iν .
(iii) If Ui ⊂ Uj, |f |(Ui) ⊂ Vν , |f |(Uj) ⊂ Vµ, and Vν ⊂ Vµ, then ψ˜νµ◦f˜iν = f˜jµ◦ϕ˜ij .
Since U˜i−Sing (Gi) is connected, #(ϕi ◦ ri)−1(x) = #Aut(U˜i, ϕi ◦ ri), x ∈ Ui −
(Ui ∩ΣM). Then, Aut(U˜i, ϕi ◦ ri) = Gi.
We call |f | and {f˜iν} the underlying map and the structure maps of the continu-
ous map f , respectively. We often denote the above f by f = (|f |, {f˜iν}). We call
F an atlas of f .
If f ′ is obtained from f by changing each f˜iν to gν ◦ f˜iν for some gν ∈ Gν and
satisfies (iii) (and automatically, (0) ∼ (ii)), then f and f ′ give the same continuous
map structure. Two atlases give the same continuous map structure if their union
is again a compatible atlas.
A continuous map f : M → N is b-continuous if there exists a point x ∈ |M | −
ΣM such that |f |(x) ∈ |N |−ΣN . It was called an orbi-map in [Ta 1, Ta 2, T-Y 1],
etc. A b-continuous map induces a homomorphism between the fundamental groups
and local fundamental groups of orbifolds, see Lemma 3.13 and [Ta 2].
Remark 3.2. Let M , N be smooth orbifolds. Then a continuous map f : M → N
is called smooth if each f˜iν is smooth.
Definition 3.3. Let M and N be orbifolds. A continuous map f = (|f |, {f˜iν}) :
M → N is an isomorphism if it satisfies the following:
(i) |f | : |M | → |N | is a homeomorphism.
(ii) For each x ∈ |M |, there exist reduced local charts U˜x → U˜x/Gx ∼= Ux and
U˜ ′|f |(x) → U˜
′
|f |(x)/G
′
|f |(x)
∼= U ′|f |(x) around x and |f |(x), respectively, and an
isomorphism ηx : Gx → G′|f |(x) between the local groups of x and |f |(x),
respectively, such that each structure map f˜x : U˜x → U˜ ′|f |(x) is a homeomor-
phism and for any σ ∈ Gx and any z ∈ U˜x, f˜x(σz) = ηx(σ)f˜x(z).
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An isomorphism is automatically a b-continuous map. If ΣM = ΣN = ∅, then
an isomorphism f : M → N is a usual homeomorphism. If we discuss about an
isomorphism between smooth orbifolds, we require that each f˜x is a diffeomorphism.
Definition 3.4. Let M and N be orbifolds. Let f, g : M → N be continuous
maps. By a homotopy from f to g (relative to A ⊂M) we shall mean a continuous
map H :M × [0, 1]→ N which satisfies the following:
(i) H(·, 0) = f(·).
(ii) H(·, 1) = g(·).(
(iii) H(a, s) = f(a) = g(a) for any a ∈ A and any s ∈ [0, 1].
)
If the above f and g are b-continuous, H is called a b-homotopy. A b-homotopy
was called an orbi-homotopy in [Ta 1, Ta 2, T-Y 1], etc.
Definition 3.5. Let M and N be orbifolds. A continuous map f : M → N is a
homotopy equivalent map fromM to N if there exists a continuous map g : N →M
such that g ◦ f is homotopic to idM and f ◦ g is homotopic to idN .
If the above f , g, f ◦ g and g ◦ f are all b-continuous, f is called a b-homotopy
equivalent map.
Example 3.6. A cyclical ballic 3-orbifold B3(n) with index n is b-homotopy equiv-
alent to a discal 2-orbifold D2(n) with the same index n.
Example 3.7. Let f be a trivial continuous map from a discal 2-orbifold D2(n) to
a point x, that is, a connected 0-dimensional manifold. Let g be a continuous map
from x to D2(n) defined by g(x) = c, where c is the singular point of D2(n). Then
g ◦ f (resp. f ◦ g) is homotopic to idD2(n) (resp. idx), and D
2(n) is homotopy
equivalent to x. Note that f is b-continuous but g is not. Thus the pair of f and
g does not give the b-homotopy equivalence of D2(n) and x. Indeed, D2(n) is not
b-homotopy equivalnet to x. This fact will be derived from Theorem 5.16 and the
result of Subsection 9.2, or from computing their fundamental groups π1(D
2(n)) ∼=
Zn and π1({x}) = 1. See 3.10 for the definition of π1.
Definition 3.8. Let M and N be orbifolds. A continuous map p = (|p|, {p˜iν}) :
M → N is a covering map if it satisfies the following:
(i) The underlying map |p| : |M | → |N | of p is onto.
(ii) For each x ∈ |N | and each x˜ ∈ |p|−1(x), there exist reduced local charts
U˜x → U˜x/Gx ∼= Ux and U˜x → U˜x/Gx,j ∼= Vx,j , around x and x˜, respectively,
such that each structure map p˜x : U˜x → U˜x is a homeomorphism and the
following diagram commutes where Gx,j is a subgroup of Gx, Vx,j is the
component of |p|−1(Ux) containing x˜ and q is the natural projection:
U˜x −−−−→ U˜x/Gx,j −−−−→ Vx,j
p˜x
y qy |p|y
U˜x −−−−→ U˜x/Gx −−−−→ Ux
(3.1)
An isomorphism is a covering. An orbifold M is good if there exists a covering
p : M˜ →M such that M˜ is a manifold.
A suborbifold V of an orbifold M is called the regular neighborhood of a point x
in M , if the underlying space |V | is included in U where ϕ ◦ r : U˜ → U is a reduced
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local chart around x and (ϕ◦ r)−1(|V |) is the regular neighborhood of (ϕ◦ r)−1(x).
A suborbifold N is called the regular neighborhood of a subspace Q in M , if |N | is
the regular neighborhood of |Q| in |M | and N = ∪x∈|Q|Vx, where Vx is the regular
neighborhood of x in M .
Definition 3.9. Let M be an orbifold. A b-continuous map a = (|a|, {a˜iν}) :
[0, 1]→M with |a|(0) ∈ |M |−ΣM is called a path in M . The point |a|(0) is called
the initial point of a, and |a|(1) is called the terminal point of a. If |a|(0) = p and
|a|(1) = q, a is called a path from p to q. The initial and terminal points of a are
called the end points of a. If a path a in M satisfies that |a|(0) = |a|(1), it is called
a loop in M , and |a|(0)
(
= |a|(1)
)
is called the base point of a. The product a · b of
paths a and b can be defined if and only if |a|(1) = |b|(0) (then |a|(1) ∈ |M |−ΣM),
and the definition is as follows:
a · b(t) =
{
a(2t) 0 ≤ t ≤ 12 ,
b(2t− 1) 12 ≤ t ≤ 1.
(3.2)
An orbifold M is arcwise connected if for each two points x, y ∈ |M | − ΣM there
exists a path from x to y in M .
Definition 3.10. Let M be an orbifold and let x0 be a point of |M | − ΣM . The
fundamental group π1(M,x0) of M with base point x0 is the group of homotopy
classes, relative to ∂[0, 1], of loops in M with base point x0, where the product of
[a] and [b] is defined by
[a][b] := [a · b].(3.3)
Proposition 3.11. Let M be an arcwise connected orbifold and let x, y be any
two points of |M | −ΣM . Then the fundamental groups π1(M,x) and π1(M, y) are
isomorphic.
Proof. Since M is arcwise connected, there exists a path γ : [0, 1]→ M from x to
y. By using γ we can construct an isomorphism from π1(M,x) to π1(M, y) as usual
way.
Proposition 3.12. Let M be an orbifold with base point x0 ∈ |M | − ΣM , and let
p : M˜ → M be the universal covering of M . Note that M˜ is not necessarily a
manifold. Then the fundamental group π1(M,x0) of M is isomorphic to the deck
transformation group Aut(M˜ , p) of p.
Note that Thurston defined the fundamental group of an orbifoldM by Aut(M˜ , p)
in [Th].
Lemma 3.13. Let M , N be orbifolds, and f :M → N be b-continuous map.
(i) The homomorphism between the fundamental groups of M and N can be in-
duced by f .
(ii) Let ϕ ◦ r : U˜ → U , ψ ◦ s : V˜ → V be local charts of M and N , respectively,
such that |f |(U) ⊂ V . Then the homomorphism between the local fundamental
groups of M |U and N |V can be induced by f .
Proof. (i) Since f is b-continuous, there exists a point x0 ∈ |M | −ΣM such that
|f |(x0) ∈ |N | − ΣN . The induced homomorphism f∗ : π1(M,x0) → π1(N, |f |(x0))
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can be defined by f∗([a]) := [f ◦ a] where a is a loop with base point x0. See [Ta 2]
for the case of good orbifolds.
(ii) Let y0 ∈ U −Σ(M |U) be a point and c be a loop in M |U with base point y0.
Take a path ℓ from x0 to y0 which does not intersect any singular point. Though
f ◦ c might map into the singular set, f ◦ ℓ intersects at least one regular point
in N |V . That is, there exists t0 ∈ [0, 1] such that |ℓ|(t0), |f | ◦ |ℓ|(t0) are regular
points of M |U and N |V , respectively. Thus we can define f∗ : π1(M |U, |ℓ|(t0)) →
π1(N |V, |f | ◦ |ℓ|(t0)) similarly to the above.
4. Definition of t-singular homology
Recall that a q-dimensional standard simplex is the subspace of Rq+1 defined by
(4.1). We denote it by △q.
△q =
{
x = (x0, x1, . . . , xq) ∈ R
q+1
∣∣∣∣∣
q∑
i=0
xi = 1, xi ≥ 0, i = 0, 1, . . . , q
}
.(4.1)
Definition 4.1. Let M be an orbifold.
(i) A q-dimensional singular simplex of M is defined to be a continuous map
Ψ : △q →M .
(ii) A singular simplex Ψ : △q →M is tame if |Ψ|−1(ΣM) is finitely triangulable.
Definition 4.2. A q-dimensional singular simplex Ψ : △q → M of an orbifold M
is non-transverse with respect to an i-dimensional stratum s ∈ Σ(i)M if either Ψ
is not tame, or for a connected component P of the inverse image |Ψ|−1(s¯) of the
closure s¯ of s and an open neighbourhood U ⊂ △q of P , there exists a homotopy
H : △q × [0, 1]→M which satisfies the following:
(i) H(x, 0) = Ψ(x) for any x ∈ △q.
(ii) H(x, t) = Ψ(x) for any x ∈ △q − U , any t ∈ [0, 1].
(iii) H(x, t) ⊂ ∪z∈Ψ(P )
◦
Nz for any x ∈ U , any t ∈ [0, 1] where Nz is a regular
neighbourhood of z and
◦
Nz is the interior of Nz.
(iv) |H |(U, 1) ∩ s¯ = ∅.
Otherwise Ψ is called transverse with respect to s. If for any i, 0 ≤ i ≤ dim ΣM ,
and any s ∈ Σ(i)M , Ψ is transverse with respect to s, then Ψ is called transverse
with respect to ΣM .
Definition 4.3. A q-dimensional t-singular simplex of an orbifoldM is a q-dimensional
singular simplex Ψ : △q → M of M such that each face of △q is transverse with
respect to ΣM .
Definition 4.4. A q-dimensional singular chain (resp. t-singular chain) of an orb-
ifold M is a finite linear combination
∑
j njΨj of q-dimensional singular simplices
(resp. t-singular simplices) ofM . We denote the free abelian group with basis of all
q-dimensional singular simplices (resp. t-singular simplices) of M by Cq(M) (resp.
t-Cq(M)). By Definition 4.3, t-Cn(M) is a subgroup of Cn(M).
Remark 4.5. If an orbifoldM is a manifold, then the above Cq(M) (resp. t-Cq(M))
coincides with the group of usual q-dimensional singular chains of M .
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The boundary operator is defined by the usual way as follows:
Definition 4.6. Let M be an orbifold and Ψ ∈ Cq(M). For i = 0, 1, . . . , q we
define ∂iΨ ∈ Cq−1(M) by
∂iΨ(x0, x1, . . . , xq−1) = Ψ(x0, x1, . . . , xi−1, 0, xi, . . . , xq−1).(4.2)
Then the boundary operator ∂ : Cq(M)→ Cq−1(M) is defined by
∂ =
q∑
i=0
(−1)i∂i,(4.3)
which satisfies that ∂ ◦ ∂ = 0. By Definition 4.3 it holds that ∂(t-Cq(M)) ⊂ t-
Cq−1(M), and t-C∗(M) is a subchain complex of C∗(M).
Definition 4.7. Let M be an orbifold. As the usual way, we denote some sub-
groups of Cq(M) as follows:
Zq(M) = {c ∈ Cq(M) | ∂(c) = 0},
t-Zq(M) = {c ∈ t-Cq(M) | ∂(c) = 0},
Bq(M) = {c ∈ Cq(M) | ∃d ∈ Cq+1(M) s.t. ∂(d) = c},
t-Bq(M) = {c ∈ t-Cq(M) | ∃d ∈ t-Cq+1(M) s.t. ∂(d) = c}.
(4.4)
Each element of Zq(M) (resp. t-Zq(M)) is called a q-dimensional cycle (resp. t-
cycle). And each element of Bq(M) (resp. t-Bq(M)) is called a q-dimensional
boundary cycle (resp. t-boundary cycle). Then the singular homology (resp. t-
singular homology) of M is defined by Zq(M)/Bq(M) (resp. t-Zq(M)/t-Bq(M))
and is denoted by Hq(M) (resp. t-Hq(M)).
Remark 4.8. (i) Any continuous map between orbifolds induces a chain map be-
tween the singular complices. Thus the singular homology group is a homo-
topy invariant of orbifolds.
(ii) Any continuous map that is an embedding of orbifolds induces a chain map
between the t-singular complices. In particular an isomorphism f : M → N
between orbifolds induces a chain map f# : t-C∗(M) → t-C∗(N), which
maps isomorphically t-C∗(M) (resp. t-Z∗(M), t-B∗(M)) to t-C∗(N) (resp. t-
Z∗(N), t-B∗(N)). Thus the t-singular homology is an isomorphism invariant
of orbifolds. In fact, the t-singular homology group is a b-homotopy invariant
of orbifolds by Theorem 5.16. See Section 5 for the case of a b-continuous
map between orbifolds that is not necessarily an embedding of orbifolds.
5. t-modification
Though any continuous (resp. b-continuous) map between orbifolds induces a
homomorphism between the singular chain complices, it does not induce a homo-
morphism between the t-singular chain complices in general. This is caused by
the fact that the composition of a t-singular simplex and a continuous (resp. b-
continuous) map is not necessarily transverse with respect to the singular set of
the orbifold. In this section we develope a ‘t-modification’ of a singular chain and
define a homomorphism between the t-singular homology groups induced by a b-
continuous map between orbifolds.
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Definition 5.1. Let E = ∂(△q× [0, 1])- Int(△q× 1). Let ℓ be the line through the
barycenters of△q×0 and△q×1. LetO be the point on ℓ such that d(O,△q×1) = 1
andO 6∈ △q×0. We define a map η : △q×[0, 1]→ E be the intersection point of the
line fromO to (x, s) ∈ △q×[0, 1] with E. That is, η(x, s) = Oz∩E, where z = (x, s).
Let φ : E →M be a continuous map. Let {Ui} be an open covering of E which gives
the orbifold structure of E and O∗Ui = {tO+(1− t)x ∈ Rq+1 | x ∈ Ui, 0 ≤ t ≤ 1}.
Let φ˜iν : Ui → V˜j be the structure maps of φ. Let Wij = (O ∗ Ui) ∩ {(Uj ∩
△q) × [0, 1]}. We define the sunny extension Φ : △q × [0, 1] → M of φ as follows:
|Φ| : △q × [0, 1] → M is defined as |Φ|(x, s) = |φ|(η(x, s)). Φ˜ij,ν : Wij → V˜ν is
defined as Φ˜ij,ν(x, s) = φ˜iν(η(x, s)).
By λba1···ar we shall mean the inverse mapping of the embedding from the local
uniformization V˜a1···ar of Va1···ar := ∩iVai into V˜b, b ∈ {a1, . . . , ar}.
Lemma 5.2. Let M be an orbifold and ψ : △q = [x0 · · ·xq]→M a q-dimensional
singular simplex. Let φsk : [x0 · · · xˇk · · ·xq]→M , k = 0, 1, . . . , q, be homotopies with
φ0k = ψ|[x0 · · · xˇk · · ·xq]. Let {ψ˜iν : Ui → V˜ν}i∈I,ν∈Ji and {(φ˜
s
k)i(k,s)ν(k,s) : Ui(k,s) →
V˜ν(k,s)}i(k,s)∈I(k,s),ν(k,s)∈Ji(k,s) be structure maps of ψ and φ
s
k, respectively, such that
λ
ν(k,0)
ν(k,0)ν(φ˜
0
k)i(k,0)ν(k,0) |(Ui(k,0) ∩ Ui) = λ
ν
ν(k,0)ν
ψ˜iν |(Ui(k,0) ∩ Ui),
k = 0, . . . , q. Then there exists a homotopy ψs : [x0 · · ·xq] → M such that
ψs|[x0 · · · xˇk · · ·xq] = φsk if and only if
(|φsk|)|[x0 · · · xˇk · · · xˇℓ · · ·xq] = (|φ
s
ℓ |)|[x0 · · · xˇk · · · xˇℓ · · ·xq]
and
λ
ν(k,s)
ν(k,s)ν(ℓ,s) ◦ (φ˜
s
k)i(k,s)ν(k,s) |(Ui(k,s) ∩ Ui(ℓ,s))
= λ
ν(ℓ,s)
ν(k,s)ν(ℓ,s) ◦ (φ˜
s
ℓ)i(ℓ,s)ν(ℓ,s) |(Ui(k,s) ∩ Ui(ℓ,s)).
Proof. One direction is clear. If (φ˜sk)i(k,s)ν(k,s) ’s satisfy the hypothesis, then ψ ∪
{φsi}i∈I defines a continuous map from ∂(△
q × [0, 1])−Int(△q × 1) to M . Hence,
we can construct ψ˜s by using of the sunny extension.
Lemma 5.3. Let M be an orbifold and ψ : △q = [x0 · · ·xq]→M a q-dimensional
singular simplex. Let φsk : [x0 · · · xˇk · · ·xq] → M , k = 0, 1, . . . , q, be homotopies
with φ0k = ψ|[x0 · · · xˇk · · ·xq]. Then there exists a homotopy ψ
s : [x0 · · ·xq] →
M such that ψs|[x0 · · · xˇk · · ·xq] = φsk if and only if φ
s
k|[x0 · · · xˇk · · · xˇℓ · · ·xq] =
φsℓ |[x0 · · · xˇk · · · xˇℓ · · ·xq] and there exist points x
s
kℓ ∈ [x0 · · · xˇk · · · xˇℓ · · ·xq] such that
|φsk|(x
s
kℓ)(= |φ
s
ℓ |(x
s
kℓ)) ∈ |M | − ΣM for ∀s, ∀k, ∀ℓ = 0, 1, 2, . . . , q, k < ℓ.
Proof. One direction is clear. Since △q and [0, 1] are compact, there exists a finite
open covering P0, . . . , PN of [0, 1] such that for each n ∈ {0, 1, . . . , N}, there exists a
system of local charts {Ui(k,n)}i(k,s)∈I(k,n) of [x0 · · · xˇk · · ·xq] such that |φ
s
k|(Ui(k,n)),
s ∈ Pn, is included in a local chart of M . Let {Vν(k,n)}ν(k,n)∈Ji(k,n) be local
charts of M such that |φsk|(Ui(k,s)) ⊂ Vν(k,n) . Let {ψ˜iν : Ui → V˜ν}i∈I,ν∈Ji and
{(φ˜sk)i(k,s)ν(k,s) : Ui(k,n) → V˜ν(k,n)}i(k,n)∈I(k,n),ν(k,n)∈Ji(k,n) be structure maps of ψ
and φsk, respectively, such that
λ
ν(k,0)
ν(k,0)ν(φ˜
0
k)i(k,0)ν(k,0) |(Ui(k,0) ∩ Ui) = λ
ν
ν(k,0)ν
ψ˜iν |(Ui(k,0) ∩ Ui),
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k = 0, . . . , q. From the hypothesis, there exists an element gν(k,ℓ,0) of the local group
of Vν(k,0) ∩ Vν(ℓ,0) , such that
λ
ν(k,0)
ν(k,0)ν(ℓ,0)(φ˜
s
k)i(k,s)ν(k,s) |(Ui(k,0) ∩ Ui(ℓ,0))
= gν(k,ℓ,0)λ
ν(ℓ,0)
ν(k,0)ν(ℓ,0)(φ˜
s
ℓ)i(ℓ,s)ν(ℓ,s) |(Ui(k,0) ∩ Ui(ℓ,0)),
for ∀s ∈ P0, ∀k < ∀ℓ. If x0kℓ ∈ Ui(k,0) ∩ Ui(ℓ,0) , then
λ
ν(k,0)
ν(k,0)ν(ℓ,0)(φ˜
s
k)i(k,s)ν(k,s)(x
0
kℓ) = gν(k,ℓ,0)λ
ν(ℓ,0)
ν(k,0)ν(ℓ,0)(φ˜
s
ℓ)i(ℓ,s)ν(ℓ,s)(x
0
kℓ),
s ∈ P0, namely
λ
ν(k,0)
ν(k,0)ν(ℓ,0)(φ˜
0
k)i(k,0)ν(k,0)(x
0
kℓ) = gν(k,ℓ,0)λ
ν(ℓ,0)
ν(k,0)ν(ℓ,0)(φ˜
0
k)i(ℓ,0)ν(ℓ,0)(x
0
kℓ).
Let Ui be a local chart of △q such that Ui ∩ Ui(k,0) ∩ Ui(ℓ,0) ∋ x
0
kℓ. Then
λ
ν(k,0)
ν(k,0)ν(ℓ,0)ν(φ˜
0
k)i(k,0)ν(k,0)(x
0
kℓ) = λ
ν
ν(k,0)ν(ℓ,0)ν
ψ˜iν(x
0
kℓ)
= λ
ν(ℓ,0)
ν(k,0)ν(ℓ,0)ν(φ˜
0
k)i(ℓ,0)ν(ℓ,0)(x
0
kℓ).
Hence
λ
ν(k,0)
ν(k,0)ν(ℓ,0)(λ
ν(k,0)
ν(k,0)ν(ℓ,0)ν)
−1λνν(k,0)ν(ℓ,0)νψ˜iν(x
0
kℓ)
= gν(k,ℓ,0)λ
ν(ℓ,0)
ν(k,0)ν(ℓ,0)(λ
ν(ℓ,0)
ν(k,0)ν(ℓ,0)ν)
−1λνν(k,0)ν(ℓ,0)νψ˜iν(x
0
kℓ).
From (iv) of the definition of orbifold,
λ
ν(k,0)
ν(k,0)ν(ℓ,0)(λ
ν(k,0)
ν(k,0)ν(ℓ,0)ν)
−1λνν(k,0)ν(ℓ,0)νψ˜iν(x
0
kℓ)
= λ
ν(ℓ,0)
ν(k,0)ν(ℓ,0)(λ
ν(ℓ,0)
ν(k,0)ν(ℓ,0)ν)
−1λνν(k,0)ν(ℓ,0)νψ˜iν(x
0
kℓ).
Furthermore, since |ψ|(x0kℓ) ∈ |M | − ΣM ,
λ
ν(k,0)
ν(k,0)ν(ℓ,0)(λ
ν(k,0)
ν(k,0)ν(ℓ,0)ν)
−1λνν(k,0)ν(ℓ,0)ν ψ˜iν(x
0
kℓ)
is a non-singular point. Hence, gν(k,ℓ,0) = e.
Suppose x0kℓ 6∈ Ui(k,0) ∩ Ui(ℓ,0) . By using the path in [x0 · · · xˇk · · · xˇℓ · · ·xq] from
x0kℓ to Ui(k,0) ∩ Ui(ℓ,0) , we can construct local charts U
′
i(k,0)
, U ′i(ℓ,0) and structure
maps (φ˜sk)
′
i(k,s)ν(k,s)
: U ′i(k,0) → V˜ν(k,0) , (φ˜
s
ℓ)
′
i(ℓ,s)ν(ℓ,s)
: U ′i(ℓ,0) → V˜ν(ℓ,0) of (φ
s
k)
′,
(φsℓ)
′, respectively, such that U ′i(k,0) ⊃ Ui(k,0) , U
′
i(ℓ,0)
⊃ Ui(ℓ,0) , (φ˜
s
k)
′
i(k,s)ν(k,s)
|Ui(k,0) =
(φ˜sk)i(k,s)ν(k,s) , (φ˜
s
ℓ)
′
i(ℓ,s)ν(ℓ,s)
|Ui(ℓ,0) = (φ˜
s
ℓ)i(ℓ,s)ν(ℓ,s) , and x
0
kℓ ∈ U
′
i(k,0)
∩U ′i(ℓ,0) . Then,we
have
(λ
ν(k,0)
ν(k,0)ν(ℓ,0))
′(φ˜sk)
′
i(k,s)ν(k,s)
|(U ′i(k,0) ∩ U
′
i(ℓ,0)
)
= (λ
ν(ℓ,0)
ν(k,0)ν(ℓ,0))
′(φ˜sℓ)
′
i(ℓ,s)ν(ℓ,s)
|(U ′i(k,0) ∩ U
′
i(ℓ,0)
).
By restricting (φ˜sk)
′
i(k,s)ν(k,s)
and (φ˜sℓ)
′
i(ℓ,s)ν(ℓ,s)
to Ui(k,0) ∩Ui(ℓ,0) and using (iv) of the
definition of orbifold, we have
λ
ν(k,0)
ν(k,0)ν(ℓ,0)(φ˜
s
k)i(k,s)ν(k,s) |(Ui(k,0) ∩ Ui(ℓ,0))
= λ
ν(ℓ,0)
ν(k,0)ν(ℓ,0)(φ˜
s
ℓ)i(ℓ,s)ν(ℓ,s) |(Ui(k,0) ∩ Ui(ℓ,0)),
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Similarly,
λ
ν(k,1)
ν(k,1)ν(ℓ,1)(φ˜
s
k)i(k,s)ν(k,s) |(Ui(k,1) ∩ Ui(ℓ,1))
= λ
ν(ℓ,1)
ν(k,1)ν(ℓ,1)(φ˜
s
ℓ)i(ℓ,s)ν(ℓ,s) |(Ui(k,1) ∩ Ui(ℓ,1)),
s ∈ P1, is proved by the fact that
λ
ν(k,1)
ν(k,1)ν(ℓ,1)(φ˜
s
k)i(k,ε)ν(k,ε) |(x
ε
kℓ)
= λ
ν(ℓ,1)
ν(k,1)ν(ℓ,1)(φ˜
s
ℓ)i(ℓ,ε)ν(ℓ,ε) |(x
ε
kℓ),
ε ∈ P0 ∩ P1. Inductively, s ∈ P2, . . . , PN , we have
λ
ν(k,m)
ν(k,m)ν(ℓ,m)(φ˜
s
k)i(k,s)ν(k,s) |(Ui(k,m) ∩ Ui(ℓ,m))
= λ
ν(ℓ,m)
ν(k,m)ν(ℓ,m)(φ˜
s
ℓ)i(ℓ,s)ν(ℓ,s) |(Ui(k,m) ∩ Ui(ℓ,m)),
m = 2, 3, . . . , N , for ∀s. Then, by Lemma 5.2, we have the conclusion.
Lemma 5.4. For any singular simplex ϕ : △q → M , there exists a homotopy
ϕs : △→M such that ϕ0 = ϕ, ϕs|△(0) = ϕ|△(0), and ϕ1 is tame. Furthermore, if
ϕ|∂△q is transverse with respect to ΣM , then ϕs|∂△q = ϕ|∂△q.
Proof. We can construct ϕs by using of a PL-approximation of ϕ.
Let △q(i0···ik) be the k-dimensional face of △
q defined by
△q(i0···ik) = {(x0, . . . , xq) ∈ △
q | xi0 + · · ·+ xik = 1}(5.1)
and let εq(i0···ik) : △
k →△q(i0···ik) be the linear homeomorphism define by ε
q
(i0···ik)
(xj) :=
xij .
Definition 5.5. By a t-modification of a q-dimensional singular chain c =
∑ℓ
j=1 njΨ
j
of an orbifold M we shall mean a t-singular chain cT =
∑ℓ
j=1 nj(Ψ
j)T such that
there exist homotopies Ψ1s, . . . ,Ψ
ℓ
s (s ∈ [0, 1]) that satisfy the following:
(i) Ψj0 = Ψ
j, Ψj1 = (Ψ
j)T for ∀j = 1, 2, . . . , ℓ.
(ii) If
(Ψi|△q(i0···ik)) ◦ ε
q
(i0···ik)
= (Ψj |△q(j0···jk)) ◦ ε
q
(j0···jk)
,(5.2)
for some i, j, then it holds that
(Ψis|△
q
(i0···ik)
) ◦ εq(i0···ik) = (Ψ
j
s|△
q
(j0···jk)
) ◦ εq(j0···jk), for ∀ s ∈ [0, 1].(5.3)
We call (cT )s =
∑
njΨ
j
s (s ∈ [0, 1]) a t-homotopy of c.
Remark 5.6. By (ii) of Definition 5.5 a t-modification of a singular chain has to
preserve the face conditions. The following singular chain (simplex) Ψ has no t-
modifications, see Figure 5.1. Note that neither of the singular chains (simplices)
Ψ1 and Ψ2 illustrated by Figures 5.2 and 5.3 is not a t-modification of Ψ.
Definition 5.7. A q-dimensional singular simplex Ψ = (|Ψ|, {Ψ˜ij}) of M is pre-
transverse if the underlying map |Ψ| of Ψ maps all the vertices of△q into |M |−ΣM .
A q-dimensional singular chain c =
∑
miΨ
i of M is pre-transverse if each singular
simplex Ψi is pre-transverse.
Note that every t-singular chain is pre-transverse.
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b
A
B C
a
b c
b’
a’
c’
Figure 5.1. Ψ = (|Ψ|, Ψ˜) : △2 → D2(3), Ψ˜(A) = a′, Ψ˜(B) =
b′, Ψ˜(C) = c′, |Ψ|(A) = a, |Ψ|(B) = b, |Ψ|(C) = c
b
A
B C b c
b’
a’
c’
a
Figure 5.2. Ψ1 : △2 → D2(3)
Lemma 5.8. Let M be an orbifold and let c =
∑ℓ
µ=1 nµϕ
µ be a q-dimensional
singular chain of M . Let c′ be a sum of faces of c all of which are already transverse
with respect to ΣM . If c is pre-transverse, then there exists a t-homotopy cs of c
fixing c′.
Proof. To construct a t-homotopy cs =
∑ℓ
µ=1 nµϕ
µ
s of c we will define
(ϕµ(i0···ik))s : △
q
(i0···ik)
→M, µ = 1, 2, . . . , ℓ, 0 ≤ i0 < · · · < ik ≤ q(5.4)
inductively on k such that
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b
A
B C b c
b’ c’
a
a’
Figure 5.3. Ψ2 : △
2 → D2(3)
(1) (ϕµ(i0···ik))0 = ϕ
µ|△q(i0···ik).
(2) (ϕµ(i0···ik))1 is transverse with respect to ΣM .
(3) (ϕµ(i0···ik))s’s satisfy the face condition of ϕ
µ
(i0···ik)
’s.
(4) (ϕµ(i0···ik))s|△
q
(i0···ˇia···ik)
= (ϕµ
(i0···ˇia···ik)
)s.
(5) If ϕµ|△q(i0···ik) is transverse with respect to ΣM , then (ϕ
µ
(i0···ik)
)s = ϕ
µ|△q(i0···ik).
If k = 0, put (ϕµ(i0))s := ϕ
µ|△q(i0). It is transverse with respect to ΣM , since c is
pre-transverse.
Suppose that we have done for the (k − 1)-skelton. We order {(µ, i0, . . . , ik)}
lexicographically and will construct (ϕµ(i0···ik))s’s, µ = 1, 2, . . . , ℓ, 0 ≤ i0 < · · · <
ik ≤ q, in that order as follows:
1) If ϕµ|△q(i0···ik) is transverse with respect to ΣM , then we define as
(ϕµ(i0···ik))s := ϕ
µ|△q(i0···ik).
2) If ϕµ|△q(i0···ik) is not transverse with respect to ΣM and for some (ν, j0, . . . , jk) <
(µ, i0, . . . , ik), (ϕ
ν |△q(j0···jk)) ◦ ε
q
(j0···jk)
= (ϕµ|△q(i0···ik)) ◦ ε
q
(i0···ik)
, then we define as
(ϕµ(i0···ik))s = (ϕ
ν
(j0···jk)
)s ◦ ε
q
(j0···jk)
◦ (εq(i0···ik))
−1.
3) Suppose ϕµ|△q(i0···ik) is not transverse with repsect to ΣM and there exists
no (ν, j0, . . . , jk) < (µ, i0, . . . , ik), such that (ϕ
ν |△q(j0···jk))◦ε
q
(j0···jk)
= (ϕµ|△q(i0···ik))◦
εq(i0···ik). By the inductive assumption (ϕ
µ
(i0···ˇia···ik)
)s, a = 0, 1, 2, . . . , k, are already
defined. Then, by Lemma 5.3 there exists a homotopy (φµ(i0···ik))s : △
q
(i0···ik)
→ M
such that (φµ(i0···ik))s|△
q
(i0···ˇia···ik)
= (ϕµ
(i0···ˇia···ik)
)s and (φ
µ
(i0···ik)
)0 = ϕ
µ|△q(i0···ik).
Since (φµ(i0···ik))s is derived from the sunny extension, (φ
µ
(i0···ik)
)1 is not transverse
with respect to ΣM . Then for a dimension k0 and for a component sk0 ∈ Σ
(k0)M ,
there exist a component P0 of (φ
µ
(i0···ik)
)−11 (s¯k0), an open neighbourhood U0 ⊂
△q(i0···ik) of P0 and a homotopy Φ
k0
s : △
q
(i0···ik)
→M which satisfy the following:
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(1) Φk0s (x) = (φ
µ
(i0···ik)
)1(x) for ∀x ∈ △
q
(i0···ik)
− U0, ∀ s ∈ [0, 1].
(2) Φk00 (x) = (φ
µ
(i0···ik)
)1(x) for ∀x ∈ △
q
(i0···ik)
.
(3) |Φk0s |(x) ∈ ∪z∈(φµ(i0···ik))1(P0)
◦
Nz for ∀x ∈ U0, ∀ s ∈ [0, 1].
(4) |Φk01 |(U0) ∩ s¯k0 = ∅.
We may assume that k0 is the minimum one satisfying the above. By the minimality
of k0, (φ
µ
(i0···ik)
)1(P0) ⊂ sk0 , that is, (φ
µ
(i0···ik)
)1(P0) ∩ (s¯k0 − sk0) = ∅. Thus
Nz ∩ (Σ
(k0)M ∪ · · · ∪ Σ(0)M) ⊂ s¯k0 for ∀z ∈ (φ
µ
(i0···ik)
)1(P0).(5.5)
By (5.5) and (4),
|Φk01 |(U0) ⊂ |M | − (Σ
(k0)M ∪ · · · ∪ Σ(0)M).(5.6)
If Φk01 is transverse with respect to ΣM , we define (ϕ
µ
(i0···ik)
)s as the product
of (φµ(i0···ik))s and Φ
k0
s . If not, for an index k1 and for a component s
′
k1
∈ Σ(k1)M
there exist a component P1 of (Φ
k0
1 )
−1(s¯′k1 ), an open neighbourhood U1 ⊂ △
q
(i0···ik)
of P1, and a homotopy Φ
k1
s : △
q
(i0···ik)
→M which satisfy the following:
(1’) Φk1s (x) = Φ
k0
1 (x) for ∀x ∈ △
q
(i0···ik)
− U1, ∀ s ∈ [0, 1].
(2’) Φk10 (x) = Φ
k0
1 (x) for ∀x ∈ △
q
(i0···ik)
.
(3’) |Φk1s |(x) ⊂ ∪z∈Φk01 (P1)
◦
Nz for ∀x ∈ U1, ∀ s ∈ [0, 1].
(4’) |Φk11 |(U1) ∩ s¯
′
k1
= ∅.
We may assume that k1 is the minimum one satisfying the above.
a) If k1 = k0 and s
′
k1
= sk0 , the argument can be reduced to the case b) or c)
since the number of the components of (φµ(i0···ik))
−1
1 (s¯k0) is finite.
b) If k1 = k0 and s
′
k1
6= sk0 , the argument can be reduced to the case c) since
the number of the components of (φµ(i0···ik))1(△
q
(i0···ik)
) ∩ Σ(k0)M is finite.
c) If k1 6= k0, then k1 > k0. Since |Φ
k0
1 |(P1) ⊂ s
′
k1
, it holds that
Nz ∩ (Σ
(k1)M ∪ · · · ∪ Σ(0)M) ⊂ s¯′k1 for ∀z ∈ Φ
k0
1 (P1).(5.7)
By (5.7) and (4’), it holds that
|Φk11 |(U1) ⊂ |M | − (Σ
(k1)M ∪ · · · ∪ Σ(0)M).(5.8)
If we repeat this process in finte times, then, for some q, Φ
kq
1 is transverse with
respect to ΣM . We define (ϕµ(i0···ik))s as the product of (φ
µ
(i0···ik)
)s,Φ
k0
s , . . . ,Φ
kq
s .
Thus we have the desired homotopy.
Lemma 5.9. Let c be a singular chain of an orbifold M . Suppose that ∂c is trans-
verse with respect to ΣM . If cs is a t-homotopy of c fixing ∂c, then for any s ∈ [0, 1]
it holds that ∂cs = ∂c. In particular, if c is a cycle, then so is cs.
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Proof. Put c =
∑ℓ
i=1 niϕ
i. Its boundary is as follows:
∂c =
ℓ∑
i=1
ni∂ϕ
i(5.9)
=
ℓ∑
i=1
n∑
j=0
(−1)jniϕ
i ◦ εj
=
∑
(a,b)∈D
N(a,b)ϕ
a ◦ εb
where each N(a,b) is an integer, and
D = {(a, b) ∈ {1, 2, . . . , ℓ} × {0, 1, 2, . . . , n} | N(a,b) 6= 0}.(5.10)
Let cs =
∑ℓ
i=1 niϕ
i
s be a t-homotopy of c. Since cs fixes ∂c,
ϕas ◦ εb = ϕ
a ◦ εb(5.11)
for any (a, b) ∈ D. By (ii) of Definition 5.5, (5.11), and (5.9)
∂cs =
ℓ∑
i=1
n∑
j=0
(−1)jniϕ
i
s ◦ εj(5.12)
=
∑
(a,b)∈D
N(a,b)ϕ
a
s ◦ εb
=
∑
(a,b)∈D
N(a,b)ϕ
a ◦ εb
= ∂c.
Note that if cs does not satisfy the face condition, then its boundary can be
different from the above, that is,
∂cs =
∑
(a,b)∈D
N(a,b)ϕ
a
s ◦ εb +Bs
where Bs ∈ Cq−1(M).
Definition 5.10. Let M and N be orbifolds, f : M → N a b-continuous map,
and c =
∑ℓ
j=1 njϕ
j a q-dimensional pre-transversal singular chain of M . A pre-
t-modification of a singular chain f ◦ c =
∑ℓ
j=1 nj(f ◦ ϕ
j) with respect to c is a
pre-transversal singular chain d =
∑ℓ
j=1 njΨ
j ofN such that there exist homotopies
Ψ1s, . . . ,Ψ
ℓ
s (s ∈ [0, 1]) which satisfy the following:
(i) Ψj0 = f ◦ ϕ
j , Ψj1 = Ψ
j for ∀j = 1, 2, . . . , ℓ.
(ii) If for ϕi and ϕj there exist embeddings εqi0···iq−k−1 and ε
q
j0···jq−k−1
such that
ϕi ◦ εqi0···iq−k−1 = ϕ
j ◦ εqj0···jq−k−1 ,(5.13)
then it holds that
Ψis ◦ ε
q
i0···iq−k−1
= Ψjs ◦ ε
q
j0···jq−k−1
for ∀ s ∈ [0, 1].(5.14)
We call ds =
∑
njΨ
j
s (s ∈ [0, 1]) a pre-t-homotopy of f ◦ c with respect to c. We
denote d by the symbol (f ◦ c)(c,P ).
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Note that the example of Figure 5.1 has no pre-t-modifications.
Lemma 5.11. Let M and N be orbifolds, f : M → N a b-continuous map, and
c =
∑ℓ
µ=1 nµϕ
µ a q-dimensional pre-transversal singular chain of M . Let c′ be a
sum of faces of c such that f ◦ c′ are already pre-transverse. Then there exists a
pre-t-homotopy of f ◦ c with respect to c fixing f ◦ c′.
Proof. We can take atlases ({Uξ}ξ∈I , {V˜η → Vη}η∈J , {(ϕ˜µ)ξη : Uξ → V˜η}ξ∈I,η∈Jµξ)
and ({V˜η → Vη}η∈J , {W˜ρ → Wρ}ρ∈K , {f˜ηρ : V˜η → W˜ρ}η∈J,ρ∈Kη) of ϕ
µ’s and f ,
repectively. Thus ({Uξ}ξ∈I , {W˜ρ → Wρ}ρ∈K , {f˜ηρ ◦ (ϕ˜µ)ξη : Uξ → W˜ρ}ξ∈I,ρ∈Kµξ)
is an atlas of f ◦ ϕµ, where Kµξ = {ρ ∈ K | |f ◦ ϕµ|(Uξ) ⊂Wρ}.
To construct a pre-t-homotopy Ψs =
∑ℓ
µ=1 nµΨ
µ
s of f ◦ c we will define
(Ψµ(i0···ik))s : △
q
(i0···ik)
→M, µ = 1, 2, . . . , ℓ, 0 ≤ i0 < · · · < ik ≤ q(5.15)
inductively on k such that
(1)
((Ψ˜µ(i0···ik))0)ξ(i0···ik,0)ρ(i0···ik,0) |(Uξ(i0···ik,0) ∩ Uξ)
= (f˜ηρ ◦ (ϕ˜
µ)ξη)|(Uξ(i0 ···ik,0) ∩ Uξ),
(2) (Ψµ(i0···ik))1 is pre-transverse,
(3) (Ψµ(i0···ik))s’s satisfy the face condition of (ϕ
µ|△q(i0···ik))’s,
(4)
((Ψ˜µ(i0···ik))s)ξ(i0···ik,s)ρ(i0 ···ik,s) |(Uξ(i0···ik,s) ∩ U(i0···ˇia···ik))
= ((Ψ˜µ
(i0···ˇia···ik)
)s)ξ(i0 ···ˇia···ik)ρ(i0···ˇia···ik)
|(Uξ(i0···ik,s) ∩ U(i0···ˇia···ik)),
(5) If (f ◦ ϕµ)|△q(i0···ik) is pre-transverse, then
((Ψ˜µ(i0···ik))s)ξ(i0 ···ik,s)ρ(i0···ik,s) |(Uξ(i0 ···ik,s) ∩ Uξ)
= (f˜ηρ ◦ (ϕ˜
µ)ξη)|(Uξ(i0···ik,s) ∩ Uξ)
and Uξ(i0···ik,s) = Uξ(i0···ik,0) ,
where
({Uξ(i0···ik,s)}ξ(i0···ik,s)∈I(i0 ···ik,s) , {Wρ(i0···ik,s)}ρ(i0···ik,s)∈K(i0···ik,s) ,
{((Ψ˜µ(i0···ik))s)ξ(i0 ···ik,s)ρ(i0···ik,s)
: Uξ(i0···ik,s) →Wρ(i0 ···ik,s)}ξ(i0···ik,s)∈I(i0···ik,s),ρ(i0 ···ik,s)∈Kξ(i0···ik,s)
)
is an atlas of (Ψµ(i0···ik))s.
We order {(µ, i0)} lexicographically and will construct (Ψ
µ
i0
)s’s, µ = 1, 2, . . . , ℓ,
0 ≤ i0 ≤ q, in that order as follows:
Let Uξ, Vη, and Wρ be local charts of △
q, M , and N , respectively such that
xi0 ∈ Uξ, |ϕ
µ|(Uξ) ⊂ Vη, and |f |(Vη) ⊂Wρ.
1) If |f ◦ ϕµ|(xi0) 6∈ ΣM , then we define as
(Ψ˜µi0)s(xi0) := (f˜ηρ ◦ (ϕ˜
µ)ξη)(xi0 ).
2) If |f ◦ ϕµ|(xi0 ) ∈ ΣM , and there exists no (ν, j0) < (µ, i0) such that
ϕν(xj0 ) = ϕ
µ(xi0 ).
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Let Gρ be the local group of Wρ. Since dim Sing (Gρ) ≤dim Wρ−1, there exists
a path in W˜ρ from (f˜ηρ ◦ (ϕ˜
µ)ξη)(xi0 ) to W˜ρ−Sing (Gρ). We define (Ψ˜
µ
i0
)s(xi0 ) by
that path.
3) If |f ◦ ϕµ|(xi0) ∈ ΣM , and for some (ν, j0) < (µ, i0), ϕ
ν(xj0 ) = ϕ
µ(xi0).
Let Uξ′ be a local chart of △q such that |ϕν |(Uξ′) ⊂ Vη and let Gη be the local
chart of Vη. Since ϕ
ν(xj0) = ϕ
µ(xi0), there exists an element σ ∈ Gη such that
σ(ϕ˜ν)ξ′η(xj0 ) = (ϕ˜
µ)ξη(xi0 ). From Lemma 3.13(ii), f induce a homomorphism
f∗ : Gη → Gρ. We define
(Ψ˜µi0)s(xi0) := f∗(σ)(Ψ˜
ν
j0
)s(xj0 ).
Suppose that we have done for the (k − 1)-skeleton. Then, by Lemma 5.2 and
the inductive hypothesis (4), we have ((Ψ˜µ(i0···ik))s)ξ(i0 ···ik,s)ρ(i0···ik,s) as the sunny
extension of ((Ψ˜µ
(i0···ˇia···ik)
)s)ξ(i0 ···ˇia···ik)ρ(i0 ···ˇia···ik)
’s and (f˜ηρ ◦ (ϕ˜µ)ξη)’s.
Note that there exist a b-continuous map f and a pre-transversal chain c such
that f ◦ c has no pre-t-modifiations with respect to “f ◦ c”. See Figure 5.4.
b
A
B C
b’
a’
c’
b
a
b c
b’
a’
c’
b
b
a
c
|f|
f
~
| |
~
0 0
0
0 0
0
Figure 5.4. c = φ = (|φ|, φ˜) : △2 → D2, f = (|f |, f˜) : D2 → D2(3)
Lemma 5.12. Let M and N be orbifolds, f : M → N a b-continuous map, and c
a pre-transversal singular chain of M . Suppose that f ◦ ∂c is pre-transverse. If ds
is a pre-t-homotopy of f ◦ c with respect to c fixing f ◦ ∂c, then for any s ∈ [0, 1] it
holds that ∂ds = f ◦ ∂c. In particular, if c is a cycle, then so is ds.
Proof. Similarly to Lemma 5.9.
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Theorem 5.13. Let M , N be orbifolds and let f : M → N be a b-continuous
map. Then an induced homomorphism f∗ : t-Hq(M)→ t-Hq(N) can be defined by
[c] 7→ [((f ◦ c)(c,P ))T ].
Proof. Take any c ∈ t-Zq(M). By Lemma 5.11 there exists a pre-t-modification
(f ◦c)(c,P ) of f ◦c with respect to c, and by Lemma 5.8 there exists a t-modification
((f ◦ c)(c,P ))T of (f ◦ c)(c,P ). By Lemmas 5.9 and 5.12 ((f ◦ c)(c,P ))T is a cycle.
First take another pre-t-modification (f ◦ c)(c,P
′) of f ◦ c with respect to c, and
any t-modification ((f ◦ c)(c,P
′))T
′
of (f ◦ c)(c,P
′). We will show that the two t-
modifications are t-homologue. Put f ◦ c =
∑ℓ
i=1 niϕ
i and denote the product of
pre-t-homotopy and t-homotopy from f ◦ c to ((f ◦ c)(c,P ))T (resp. ((f ◦ c)(c,P
′))T
′
)
by
∑ℓ
i=1 niφ
i
s (resp.
∑ℓ
i=1 niψ
i
s). Define a continuous map Φ
i : △q × [−1, 1]→ N
by
Φi(x, s) :=
{
φis(x) (0 ≤ s ≤ 1),
ψi−s(x) (−1 ≤ s ≤ 0).
(5.16)
Let Qqk : △
q+1 →△q × [0, 1] be a linear embedding defined by
Qqk(vi) :=
{
(vi, 0) (0 ≤ i ≤ k),
(vi−1, 1) (k + 1 ≤ i ≤ q + 1)
(5.17)
where v0, v1, . . . , vm are the vertices of △m. By taking the composition of each Φi
and the sum of Qqk we construct a (q + 1)-dimensional singular chain d of N as
d :=
ℓ∑
i=1
ni
(
Φi ◦
q∑
k=0
(−1)kQqk
)
.(5.18)
Note that
∂d = ((f ◦ c)(c,P ))T − ((f ◦ c)(c,P
′))T
′
.(5.19)
Since ∂d is pre-transverse, so is d. By Lemma 5.8 there exists a t-modification dT
of d fixing ∂d. By Lemma 5.9 and (5.19)
∂(dT ) = ∂d = ((f ◦ c)(c,P ))T − ((f ◦ c)(c,P
′))T
′
.(5.20)
Next take another t-singular cycle c′ such that [c] = [c′] in t-Hq(M). Then there
exists a t-singular chain d′ ∈ t-Cq+1(M) such that c − c′ = ∂d′. By Lemma 5.11
there exists a pre-t-modification (f ◦ d′)(d
′,P ) of f ◦ d′ with respect to d′, and by
Lemma 5.8 there exists a t-modification ((f ◦ d′)(d
′,P ))T of (f ◦ d′)(d
′,P ). Then
∂(((f ◦ d′)(d
′,P ))T ) = (∂((f ◦ d′)(d
′,P )))T(5.21)
= ((f ◦ (∂d′))(∂d
′,P ))T
= ((f ◦ c− f ◦ c′)(c−c
′,P ))T
= ((f ◦ c)(c,P ))T − ((f ◦ c′)(c
′,P ))T .
Thus f∗ is well-defined.
To show that f∗ is a homomorphism we take any two elements [a], [b] of t-Hq(M).
Let (f ◦ a)(a,P1) (resp. (f ◦ b)(b,P2)) be a pre-t-modification of f ◦ a (resp. f ◦ b),
and let ((f ◦ a)(a,P1))T1 (resp. ((f ◦ b)(b,P2))T2) be a t-modification of (f ◦ a)(a,P1)
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(resp. (f ◦ b)(b,P2)). Since ((f ◦ a)(a,P1))T1 +((f ◦ b)(b,P2))T2 is a t-modification of a
pre-t-modification of f ◦ (a+ b),
[((f ◦ (a+ b))(a+b,P ))T ] = [((f ◦ a)(a,P1))T1 + ((f ◦ b)(b,P2))T2 ](5.22)
= [((f ◦ a)(a,P1))T1 ] + [((f ◦ b)(b,P2))T2 ].
Proposition 5.14. Let M , N and L be orbifolds, and let f :M → N , g : N → L
be b-continuous maps such that g ◦ f is also a b-continuous map. Then (g ◦ f)∗ =
g∗ ◦ f∗.
Proof. Take any c ∈ t-Zq(M). By Lemmas 5.8 and 5.11 there exist products of (pre-
)t-homotopies d1 from g ◦f ◦c to ((g ◦f ◦c)(c,P1))T1 , d2 from f ◦c to ((f ◦c)(c,P2))T2 ,
and d3 from g ◦ {((f ◦ c)
(c,P2))T2} to ((g ◦ {((f ◦ c)(c,P2))T2})((f◦c)
(c,P2))T2 ,P3))T3 .
Then
∂(−d1 + g ◦ d2 + d3)(5.23)
= ((g ◦ f ◦ c)(c,P1))T1 − ((g ◦ ((f ◦ c)(c,P2))T2)((f◦c)
(c,P2))T2 ,P3))T3 .
We can make a pre-transversal singular chain d ∈ Cq+1(L) from −d1 + g ◦ d2 + d3
such that ∂d = ((g ◦ f ◦ c)(c,P1))T1 − ((g ◦ ((f ◦ c)(c,P2))T2)((f◦c)
(c,P2))T2 ,P3))T3 . By
Lemma 5.8 there exists a t-modification dT of d. Then by Lemma 5.9
∂(dT ) = ∂d = ((g ◦ f ◦ c)(c,P1))T1 − ((g ◦ ((f ◦ c)(c,P2))T2)((f◦c)
(c,P2))T2 ,P3))T3 .
(5.24)
Theorem 5.15. Let M , N be orbifolds and let f, g : M → N be b-continuous
maps. If f and g are homotopic (and automatically they are b-homotopic), then
f∗ = g∗.
Proof. Take any c ∈ t-Zq(M). By Lemmas 5.8 and 5.11 there exist products of
(pre-)t-homotopies d1 from f ◦ c to ((f ◦ c)(c,P1))T1 , d2 from g ◦ c to ((g ◦ c)(c,P2))T2 .
Since f ◦ c and g ◦ c are homotopic, there exists a prizm from f ◦ c to g ◦ c.
Then we can make a pre-transversal singular chain d ∈ Cq+1(N) such that ∂d =
((f ◦ c)(c,P1))T1 − ((g ◦ c)(c,P2))T2 . By Lemma 5.8 there exists a t-modification dT
of d. Then by Lemma 5.9
∂(dT ) = ∂d = ((f ◦ c)(c,P1))T1 − ((g ◦ c)(c,P2))T2 .(5.25)
Theorem 5.16. Let M and N be orbifolds. If they are b-homotopy equivalent,
then their t-singular homology groups t-Hq(M) and t-Hq(N) are isomorphic.
Proof. Since M and N are b-homotopy equivalent, there exist b-continuous maps
f :M → N , g : N →M such that g ◦f , f ◦g are b-continuous and g ◦f (resp. f ◦g)
is homotopic to idM (resp. idN). By Proposition 5.14 and Theorem 5.15 g∗ ◦ f∗ =
(g ◦ f)∗ = (idM )∗ = idt-Hq(M) and f∗ ◦ g∗ = (f ◦ g)∗ = (idN )∗ = idt-Hq(N).
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6. Homotopy groups and Hurewicz homomorphisms
The q-th homotopy group πq(M) of an orbifold M was defined in [F-S] as the
(q − 1)-th homotopy group of the (orbifold) loop space of M . In this section we
regard the q-th homotopy group of M as the group of homotopy classes of q-
dimensional singular spheres with base point x0 by using of b-continuous maps, see
Section 3 for the definitions of homotopy and b-continuous map. Then we define
the Hurewicz homomorphism from the q-th homotopy group πq(M,x0) to the t-
singular homology group t-Hq(M), which we defined in Section 4. To define the
Hurewicz homomorphism we use some results in Section 5.
Definition 6.1. A q-dimensional singular sphere of an orbifold M with base point
x0 ∈ |M | − ΣM is a b-continuous map a = (|a|, {a˜iν}) : [0, 1]q → M such that for
any t ∈ ∂([0, 1]q), |a|(t) = x0. A 1-dimensional singular sphere coincides with a
loop defined in Definition 3.9. The product a · b of q-dimensional singular spheres
a, b : [0, 1]q →M with base point x0 ∈ |M | − ΣM is defined by
a · b(t1, . . . , tq) =
{
a(t1, . . . , tq−1, 2tq) 0 ≤ tq ≤
1
2 ,
b(t1, . . . , tq−1, 2tq − 1)
1
2 ≤ tq ≤ 1.
(6.1)
Definition 6.2. Let M be an orbifold and let x0 be a point of |M | − ΣM . The
q-dimensional homotopy group πq(M,x0) of M with base point x0 is the group of
homotopy classes, relative to ∂[0, 1]q, of q-dimensional singular spheres in M with
base point x0, where the product of [a] and [b] is defined by
[a][b] := [a · b].(6.2)
If q ≥ 2, πq(M,x0) is commutative by the definition of products.
Definition 6.3. Let ϕ : [0, 1]q → M be a q-dimensional singular sphere of an
orbifold M with base point x0. Let S
q be the standard (t-)singular cycle which
represents a generator of (t-)Hq(S
q). Then we define the Hurewicz homomorphism
Hq : πq(M,x0)→ t-Hq(M) by [ϕ] 7→ ϕ∗[S
q] where ϕ∗ is defined in Theorem 5.13.
Theorem 6.4. (i) The above map Hq is a well-defined homomorphism.
(ii) If n = 1 and M is arcwise connected, then the homomorphism H1 is surjective
and its kernel is the commutator subgroup of π1(M,x0).
Proof. (i) By Theorems 5.13 and 5.15 Hq is well-defined. To show that (ϕ ·
ψ)∗[S
q] = ϕ∗[S
q] + ψ∗[S
q] we use the argument parallel to that in the proof of
usual Hurewicz homomorphism. Hence Hq is a homomorphism.
(ii) It is clear that H1 is surjective and that Ker H1 ⊃ [π1(M,x0), π1(M,x0)].
To show Ker H1 ⊂ [π1(M,x0), π1(M,x0)], take any [ϕ] ∈ π1(M,x0) such that
[((ϕ ◦ S1)(S
1,P ))T ] = 0 in t-H1(M). By takeing another representative of [ϕ] if
necessarily, we may assume that ϕ ◦S1 is already transverse with respect to ΣM .
Hence, similarly as in the proof of the usual Hurewicz theorem, we conclude that
[ϕ] ∈ [π1(M,x0), π1(M,x0)].
7. Exact sequences
Let x0, . . . , xk be the vertices of △k and let y0, . . . , yk be points in △n which
is not necessarily linearly independent. Define a linear map from △k into △n by
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∑k
i=0 αixi 7→
∑k
i=0 αiyi and denote it by e[y0 · · · yk]. If the points y0, . . . , yk are in
a general position, this map is an embedding.
Definition 7.1. Let Ψ : △q →M , φ : △p →M be singular simplices of an orbifold
M and let a be a point of Int △p. We define the refinement Sd(φ,a)(Ψ) of Ψ with
respect to (φ, a) as follows:
(i) If φ is the (i0 · · · ip)-face of Ψ, then
Sd(φ,a)(Ψ) :=
p∑
k=0
(−1)ik+ipΨ ◦ e[x0 · · · xˇik · · ·xip a
′ xip+1 · · ·xq](7.1)
where xˇik means deleting xik and a
′ := e[xi0 · · ·xip ](a).
(ii) If φ is not a face of Ψ, then Sd(φ,a)(Ψ) = Ψ.
By extending the above definition to Cq(M) linearly we define a refinement operator
Sd(φ,a) : Cq(M)→ Cq(M) with respect to (φ, a).
Definition 7.2. Let Ψ : △q →M , φ : △p →M be singular simplices of an orbifold
M and let a be a point of Int △p. We define the prism P j(φ,a)(Ψ) of Ψ with respect
to Sd(φ,a) as follows:
(i) If φ is the (i0 · · · ip)-face of Ψ, then, for 0 ≤ j ≤ i0,
P j(φ,a)(Ψ) :=
p∑
k=0
(−1)ik+ipΨ ◦ e[x0 · · ·xjxj · · ·xi0 · · · xˇik · · ·xip a
′ xip+1 · · ·xq]
(7.2)
where xˇik means deleting xik and a
′ := e[xi0 · · ·xip ](a), and for i0+1 ≤ j ≤ n,
P j(φ,a)(Ψ) := Ψ ◦ e[x0 · · ·xjxj · · ·xq ].(7.3)
(ii) If φ is not a face of Ψ, then
P j(φ,a)(Ψ) := Ψ ◦ e[x0 · · ·xjxj · · ·xq ].(7.4)
Furthermore, we define
P(φ,a)(Ψ) :=
q∑
j=0
(−1)j+1P j(φ,a)(Ψ).(7.5)
By extending the above definition to Cq(M) linearly we define a prizm operator
P(φ,a) : Cq(M)→ Cq+1(M) with respect to Sd(φ,a).
By a calculation we see the following lemma.
Lemma 7.3. Let Ψ : △q → M , φ : △p → M be singular simplices of an orbifold
M and let a be a point of Int △p. Then the following holds:
(i)
∂Sd(φ,a)(Ψ) = Sd(φ,a)(∂Ψ).
(ii)
∂P(φ,a)(Ψ) = Ψ− Sd(φ,a)(Ψ)− P(φ,a)(∂Ψ).
Thus for a singular cycle c of M , Sd(φ,a)(c) and c are homologue.
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Let M1 and M2 be orbifolds. Note that inclusion maps of orbifolds induce
homomorphisms of t-singular chain complices by Remark 4.8. Hence, the general
homology theory gives us an exact sequence:
· · · −−−−→ t-Hq(M1 ∩M2)
i∗−−−−→ t-Hq(M1)⊕ t-Hq(M2)
j∗
−−−−→ Hq(t-Cq(M1) + t-Cq(M2))
k∗−−−−→ · · ·
(7.6)
where i(c) = (c,−c), j(a, b) = a + b, k∗[z] = [i−1∂j−1(z)]. Furthermore, by using
Lemma 7.3, it is proved that if M1 and M2 are suborbifolds of an orbifold M
and IntM (M1) ∪ IntM (M2) = M , then the natural inclusion map t-Cq(M1) + t-
Cq(M2) ⊂ t-Cq(M1 ∪M2) induces an isomorphism Hq(t-Cq(M1) + t-Cq(M2)) ∼= t-
Hq(M). Then we have the Mayer-Vietoris exact sequence:
Theorem 7.4. Let M1 and M2 be suborbifolds of an orbifold M and IntM (M1) ∪
IntM (M2) =M . Then the following sequence is exact:
· · · −−−−→ t-Hq(M1 ∩M2)
i∗−−−−→ t-Hq(M1)⊕ t-Hq(M2)
j∗
−−−−→ t-Hq(M)
k∗−−−−→ t-Hq−1(M1 ∩M2) −−−−→ · · · .
(7.7)
where i∗([c]) = ((i1)∗[c],−(i2)∗[c]), j∗([a], [b]) = (j1)∗[a] + (j2)∗[b], and iµ : M1 ∩
M2 ⊂Mµ, jµ :Mµ ⊂M are inclusions.
8. Ku¨nneth’s Formula
Let M , N be orbifolds and let p1 : M × N → M , p2 : M × N → N be
the natural projections (see [Ta 2, p. 157] for the product of orbifolds). Observe
that for any c ∈ t-Ck(M × N), p1 ◦ c ∈ t-Ck(M) and p2 ◦ c ∈ t-Ck(N). Hence
we can define a map ρk : t-Ck(M × N) → ⊕ki=0{(t-Ci(M)) ⊗ (t-Ck−i(N))} by
ρk(c) =
∑k
i=0(p1 ◦ c ◦ εi+1···k)⊗ (p2 ◦ c ◦ ε0···i−1), where ε0,−1 = id and εk+1,k = id.
It is proved that ρk is a chain homotopy equivalent map by the similar manner as in
the usual homology theory. Furthermore, for Z-coefficients general chain complices
C, D, it holds that if C and H∗(C) is free, then H∗(C) ⊗ H∗(D) ∼= H∗(C ⊗ D).
Then we obtain the Ku¨nneth’s formula:
Theorem 8.1. Let M and N be orbifolds. If either t-H∗(M) or t-H∗(N) is free,
then
t-Hk(M ×N) ∼= ⊕
k
i=0(t-Hi(M)⊗ t-Hk−i(N))(8.1)
for any k ≥ 0.
9. Examples
In this section let us calculate the t-singular homology groups with Z-coefficients
of several orbifolds using b-homotopy deformation, exact sequences, and Ku¨nneth’s
formula. Note that a discal 2-orbifold D2(n) with index n ≥ 2 is not b-homotopy
equivalent to a point, see Example 3.7.
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9.1. A lemma for calculations : a discal 2-orbifold case.
Lemma 9.1. For a discal 2-orbifold D2(n), and the product of D2(n) and the torus
T k−2 the following holds:{
t-H2(D
2(n);Z) = 0,
t-Hk(D
2(n)× T k−2;Z) = 0 for k ≥ 3.
(9.1)
Proof. To show t-H2(D
2(n);Z) = 0, take any c ∈ t-Z2(D2(n);Z). Let σ : △2 →
D2(n) be a b-continuous map such that its structure map σ˜ : △2 → D2 is a
homeomorphism. Let y be the singular point of D2(n). Denote c =
∑m
i=1 aiϕ
i +∑r
j=1 bjψ
j where |ϕi|(△2) 6∋ y and |ψj |(△2) ∋ y. Let f : D2(n) → D2(n) be a
b-continuous map which is b-homotopic to idD2(n), and maps a sufficiently small
regular neighbourhood U of the cone point isomorphically onto D2(n), and maps
D2(n) − U onto ∂D2(n). By Theorem 5.15, f∗ = (idD2(n))∗. Hence, by replacing
c with f ◦ c, we may assume that each ϕi(△2) ⊂ ∂D2(n) and each ψj = ℓjσ in
t-C2(D
2(n);Z) for an integer ℓj. Since
∑
i aiϕ
i ∈ t-C2(∂D2(n);Z), [∂
∑
i aiϕ
i] = 0
in t-H1(∂D
2(n);Z). Hence [∂
∑
j bjψ
j ] = 0 in t-H1(∂D
2(n);Z). On the other hand
[∂
∑
j bjψ
j ] =
∑
j bjℓj [∂σ]. Since [∂σ] is a nonzero element of t-H1(∂D
2(n);Z) ∼= Z,∑
j bjℓj = 0. Thus c =
∑
i aiϕ
i. Since t-H2(∂D
2(n);Z) = 0, there exists a chain
d ∈ t-C3(∂D2(n);Z) such that ∂d = c. Note that d ∈ t-C3(D2(n);Z). Therefore
[c] = 0 in t-H2(D
2(n);Z).
Let p : D2 × T k−2 → D2(n) × T k−2 be the natural covering, and let [η] be the
fundamental class of Hk(D
2×T k−2, ∂(D2×T k−2);Z). We can show t-Hk(D2(n)×
T k−2;Z) = 0 for k ≥ 3 by the similar argument as in the proof of t-H2(D
2(n);Z) = 0
replacing σ by p ◦ η.
Corollary 9.2.
t-Hk(D
2(n);Z) = 0 for k ≥ 2.(9.2)
Proof. By Theorem 8.1 and Lemma 9.1.
9.2. A discal 2-orbifold M := D2(n).
t-Hk(M ;Z) ∼=


Z for k = 0,
Zn for k = 1,
0 for k ≥ 2.
(9.3)
Since |M |−ΣM is connected, t-H0(M ;Z) ∼= Z. Take a base point x0 ∈ |M |−ΣM .
Since π1(M,x0) ∼= Zn, t-H1(M ;Z) ∼= Zn by Theorem 6.4. By Corollary 9.2 t-
Hk(M ;Z) = 0 for k ≥ 2. By Theorem 5.16 we see that D2(n) is not b-homotopy
equivalent to a point, that is, a connected 0-dimensional manifold.
Let B3(n) be a cyclical ballic 3-orbifold with index n. Since B3(n) is b-homotopy
equivalent to D2(n), their t-homology groups are isomorphic by Theorem 5.16:
t-Hk(B
3(n);Z) ∼=


Z for k = 0,
Zn for k = 1,
0 for k ≥ 2.
(9.4)
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9.3. An orientable 2-orbifold M := F (m1, . . . ,mr) with genus g and b
boundary components.
t-Hk(M ;Z) ∼=


Z if k = 0,
Z⊕ · · · ⊕ Z︸ ︷︷ ︸
2g+b−1
⊕Zm1 ⊕ · · · ⊕ Zmr if k = 1,
0 if k = 2, ∂F 6= ∅,
Z if k = 2, ∂F = ∅,
0 if k ≥ 3.
(9.5)
If k = 0, 1, the results are derived from the argument similar to that in Subsection
9.2. If k ≥ 2, the exact sequence yields the results.
Remark 9.3. Let pi be the singular point of M with index mi, and let Di be the
regular neighbourhood of pi. Let σi : △2 → Di be a continuous map such that
its structure map σ˜i : △2 → D˜i is a homeomorphism. Let σ0 be a chain in
F − ∪ri=1
◦
Di such that [σ0] generates H2(F − ∪ri=1
◦
Di, ∂(F − ∪ri=1
◦
Di);Z). If
∂F = ∅, we see that a representative chain of the generator of t-H2(M ;Z) is of the
form ℓσ0+
ℓ
m1
σ1+ · · ·+
ℓ
mr
σr, where ℓ is the least common multiple of m1, . . . ,mr.
9.4. A lemma for calculations : a ballic 3-orbifold case.
Lemma 9.4. Let M be a ballic 3-orbifold B3(m1,m2,m3). Then the following
holds: {
t-H3(M ;Z) = 0,
t-Hk(M × T k−3;Z) = 0 for k ≥ 4.
(9.6)
Proof. Similar to Lemma 9.1.
Corollary 9.5. Let M be a ballic 3-orbifold B3(m1,m2,m3). Then
t-Hk(M ;Z) = 0 for k ≥ 3.(9.7)
Proof. By Theorem 8.1 and Lemma 9.4.
9.5. A ballic 3-orbifold M := B3(m1,m2,m3).
t-Hk(M ;Z) ∼=


Z if k = 0,
Z2 ⊕ Z2 if k = 1, (m1,m2,m3) = (2, 2, 2n),
Z2 if k = 1, (m1,m2,m3) = (2, 2, 2n+ 1),
Z3 if k = 1, (m1,m2,m3) = (2, 3, 3),
Z2 if k = 1, (m1,m2,m3) = (2, 3, 4),
0 if k = 1, (m1,m2,m3) = (2, 3, 5),
0 if k = 2, (m1,m2,m3) = (2, 2, 2n+ 1),
Z2 if k = 2, (m1,m2,m3) 6= (2, 2, 2n+ 1),
0 if k ≥ 3.
(9.8)
If k = 0, 1, the results are derived from the argument similar to that in Subsection
9.2. Take any c ∈ t-Z2(M ;Z). Note that the image of c does not intersect with
the cone point of M by the transversality of c. Let f be a continuous map from
M onto M which is b-homotopic to idM , and maps a sufficiently small regular
neighbourhood of the cone point isomorphically onto M . By Theorem 5.15, f∗ =
(idM )∗. Hence, by replacing c with f ◦ c, we may assume that c ∈ t-C2(∂M ;Z).
By Remark 9.3 c is equivalent to m(ℓσ0 +
ℓ
m1
σ1 +
ℓ
m2
σ2 +
ℓ
m3
σ3) for an integer
m. On the other hand, it is clear that if c ∈ t-B2(M), then c is equivalent to
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m′(n0σ0 +
n0
m1
σ1 +
n0
m2
σ2 +
n0
m3
σ3), where m
′ is an integer and n0 is the index of
the cone point Σ(0)M . If (m1,m2,m3) = (2, 2, 2n + 1), n0 = ℓ = 4n + 2. Then
t-H2(M ;Z) = 0. If (m1,m2,m3) 6= (2, 2, 2n+ 1), n0 = 2ℓ. Then t-H2(M ;Z) ∼= Z2.
By Corollary 9.5 t-Hk(M ;Z) = 0 for k ≥ 3.
10. singular homology and s-singular homology
In this section we give a proof of Theorem 10.6, though it is intuitively clear, by
using of a modification and a refinement of a singular chain.
Definition 10.1. A q-dimensional s-singular simplex of an orbifold M is a q-
dimensional singular simplex Ψ : △q →M of M which satisfies the following:
(a) For each k, there exists a face σ of△q (possibly,△q or ∅) such that |Ψ|−1(∪kj=0Σ
(j)M) =
σ.
The following is easily derived from (a):
(i) For each face η of △q there exists a stratum Q of M (possibly, Q 6⊂ Σ) such
that |Ψ|(Int η) ⊂ Q.
(ii) For each k there exists at most one stratum of k-dimension that intersects
with |Ψ|(△q).
A q-dimensional s-singular chain of M is a finite linear combination
∑
j njΨ
j of
s-singular simplices Ψj of M . We denote the free abelian group with basis of
all q-dimensional s-singular simplices of M by s-Cq(M). By the above definition
of s-singular simplex it holds that ∂(s-Cq(M)) ⊂ s-Cq−1(M), and s-C∗(M) is a
subchain complex of C∗(M). We define the s-singular homology group of M by
s-Zq(M)/s-Bq(M) and denote it by s-Hq(M) where
s-Zq(M) = {c ∈ s-Cq(M) | ∂(c) = 0}
s-Bq(M) = {c ∈ s-Cq(M) | ∃d ∈ s-Cq+1(M) s.t. ∂(d) = c}.
(10.1)
For any singular chain c =
∑
niΨ
i of an orbifoldM we denote the singular chain∑
ni|Ψi| of |M | by |c| where |Ψi| is the underlying map of Ψi.
Lemma 10.2. Let M be an orbifold and let v =
∑
imiϕ
i be a q-dimensional sin-
gular chain of |M | where each ϕi is a singular simplex of |M | satisfying (a) of
Definition 10.1. Then there exists an s-singular chain c of M with |c| = v.
Proof. All we have to do is to construct a continuous map Ψi : △q →M such that
|Ψi| = ϕi for each ϕi : △q → |M |. Let {V˜ν → Vν} (resp. {U˜µ → Uµ}) be a system
of local charts of △q (resp. M). Take any Vj ∈ {Vν} and any Uk ∈ {Uµ} with
ϕi(Vj) ⊂ Uk. By the assumption we can take a lift (Ψ˜i)jk of ϕi|Vj → Uk to U˜k.
Put Ψi = (ϕi, {(Ψ˜i)jk}). Then c =
∑
imiΨ
i is a desired chain.
Proposition 10.3. Let c be a singular chain of |M |. Let c1 be a sum of faces of
simplices in c, each of which satisfies (a) of Definition 10.1. Then there exists a
modification c′ obtaind from c by homotopies and refinements, which satisfies (a)
of Definition 10.1 and fixes c1.
Definition 10.4. Let c be a singular chain of an orbifold M . A singular chain c′
of M is called an s-modification of c if c′ is obtained from c by homotopies and
refinements and is an s-singular chain of M . Note that if c and c′ are cycles, then
they are homologue as singular chains of M by Lemma 7.3.
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Proposition 10.5. Let c be a singular chain of an orbifold M . Let c1 be a sum
of faces of simplices in c, each of which is an s-simplices. Then there exists an
s-modification of c fixing c1.
The following theorem says that the (s-)singular homology of an orbifold does
not respect the orbifold structure. On the other hand the t-singular homology
does. See Section 9, where the t-singular homology is illustrated through simple
but important examples.
Theorem 10.6. Let M be an orbifold. For each q the following holds:
s-Hq(M) ∼= Hq(M) ∼= Hq(|M |).(10.2)
Proof. We define a map µ : Hq(M)→ Hq(|M |) by µ([c]) := [|c|]. It is well-defined.
Indeed, if [c] = [c′], there exists a (q+1)-dimensional chain d ∈ Cq+1(M) such that
c′ = c+ ∂d. Then
µ([c′]) = µ([c+ ∂d]) = [|c+ ∂d|] = [|c|+ |∂d|] = [|c|+ ∂|d|] = [|c|].(10.3)
Also the map µ is a homomorphism since
µ([c1 + c2]) = [|c1 + c2|] = [|c1|+ |c2|] = [|c1|] + [|c2|] = µ([c1]) + µ([c2]).(10.4)
To show that µ is injective, let µ([c]) = 0. Take an s-modification c′ of c. Since
µ[c] = µ[c′] = [|c′|] = 0, there exists a singular chain d ∈ Cq+1(|M |) such that
|c′| = ∂d. By Proposition 10.3 we can take a modification d′ of d which satisfies
(a) of Definition 10.1 and fixes ∂d. By Lemma 10.2 there exists a singular chain
f ∈ Cq+1(M) such that |f | = d′ and ∂f = c′. Thus [c] = [c′] = 0 ∈ Cq(M).
To show that µ is surjective, take any element d ∈ Cq(|M |). By Proposition 10.3
there exists a modification d′ of d which satisfies (a) of Definition 10.1. By Lemma
10.2 there exists a singular chian c ∈ Cq(M) such that |c| = d′. Thus
µ([c]) = [|c|] = [d′] = [d].(10.5)
Similarly we can show that s-Hq(M) ∼= Hq(|M |).
11. rational coefficients
In this section we show that the t-singular homology group with rational co-
efficients of an orbifold is isomorphic to the usual singular homology group with
rational coefficients of its underlying space.
Definition 11.1. Let c =
∑ℓ
i=1 niϕ
i ∈ Cq(M) be a singular chain of an orbifold
M . Put ∂c =
∑r
i=1miσ
i (mi 6= 0). Let ϕis, i = 1, 2, . . . , ℓ be homotopies with
ϕi0 = ϕ
i. We call cs =
∑r
i=1 niϕ
i
s a homotopy of c preserving the boundary
condition if
∂(cs) =
r∑
i=1
miσ
i
s(11.1)
where σis = ϕ
j
s ◦ εk if σ
i = ϕj ◦ εk, j = 1, 2, . . . , ℓ, k = 0, 1, . . . , q for each i =
1, 2, . . . , r.
Lemma 11.2. Let M be an orbifold and let c =
∑k
i=1 αiϕ
i be a q-dimensional
singular chain of M . If for each vertex xν of △q, and for each i = 1, 2, . . . , k, αi is
a multiple of w(ϕi(xν)), then we can construct a homotopy cs of c preserving the
boundary condition such that c1 is a pre-transversal chain c
mP .
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Proof. Put y = ϕ1(x0). We may assume that each of ϕ
1, . . . , ϕℓ maps at least one
vertex to y, and none of ϕℓ+1, . . . , ϕk maps any vertices to y. Take a reduced chart
U˜ → U around y and let y˜ be the point in U˜ corresponding to y. Let ϕ˜i1, . . . , ϕ˜
i
ri
,
i = 1, 2, . . . , ℓ, be the structure maps of ϕi each of which maps at least one vertex
to y˜, and let ϕ˜iri+1, . . . , ϕ˜
i
si
, i = 1, 2, . . . , ℓ, be the others. By the hypothesis we
may assume that the structure maps of αiϕ
i is of the form
{α′igjϕ˜
i
µ}µ=1,...,ri,gj∈Gy˜ ∪ {αiϕ˜
i
η}η=ri+1,...,si(11.2)
where α′i = αi/#Gy˜. Thus we can slightly modify each gjϕ˜
i
µ, gj ∈ Gy˜, µ =
1, 2, . . . , ri, i = 1, 2, . . . , ℓ, in a small neighbourhood of y˜ preserving the face condi-
tions of gjϕ˜
i
µ’s (not of ϕ
i’s) so that it does not map any vertices to y˜ (see Figure
11.1). Then we change the chain c to one whose structure maps are the result of
the modification. Modifying on the other vertices as well, we obtain the desired
homotopy cs.
~~y=  (x ) y
 (x )
~
~
i
i j
j
Figure 11.1. a modification of the structure maps in a small
neighbourhood of y˜, i = 1, 2, . . . , 6, j ∈ {0, 1, 2}
We call the above cmP a pre-t-modification of c from the multiplicity.
Remark 11.3. In Lemma 11.2, cmP satisfies the following:
(i) If ∂c is pre-transverse, then ∂c = ∂(cmP ).
(ii) If c is a cycle, then [c] = [cmP ] in Hq(M).
(iii) By (11.1) we have ∂(cs) = (∂c)s where (∂c)s is a homotopy of ∂c and is the
restriction of cs.
Theorem 11.4. Let M be an orbifold. Then for any q the following homology
groups with rational coefficients are isomorphic:
s-Hq(M ;Q) ∼= Hq(M ;Q) ∼= t-Hq(M ;Q) ∼= Hq(|M |;Q).(11.3)
Proof. For any chain σ =
∑ℓ
i=1 niψ
i ∈ Cr(M ;Q), let wσ be the least number
such that each niwσ is a multiple of w(ψ
i(xν)) for i = 1, . . . , ℓ and ν = 0, 1, . . . , r
where xν are the vertices of △
r. By Theorem 10.6, s-Hq(M ;Q) ∼= Hq(M ;Q) ∼=
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Hq(|M |;Q). We will show that Hq(M ;Q) ∼= t-Hq(M ;Q). Take any [c] ∈ Hq(M ;Q)
and put c =
∑k
i=1 αiϕ
i ∈ Zq(M ;Q). Since
wcc =
k∑
i=1
αiwcϕ
i,(11.4)
there exists a pre-t-modification (wcc)
mP , which is a cycle by Lemma 11.2. By
Lemma 5.8 there exists a t-modifiation ((wcc)
mP )T , which is a cycle. We define a
map Ψ : Hq(M ;Q)→ t-Hq(M ;Q) by
Ψ([c]) = [
1
wc
((wcc)
mP )T ].(11.5)
To show that the map Ψ is well-defined, first take a t-modification ((wcc)
mP ′)T
′
of another pre-t-modification of wcc. By the argument similar as in the proof
of Theorem 5.13 we can show that [ 1
wc
((wcc)
mP )T ] = [ 1
wc
((wcc)
mP ′)T
′
] ∈ t-
Hq(M ;Q).
Next take any c, c′ ∈ Zq(M ;Q) such that [c] = [c′] ∈ Hq(M ;Q). Then there
exists d ∈ Cq+1(M ;Q) such that c − c′ = ∂d. Let β be the least number such
that βwd is a common multiple of wc and wc′ . By Lemma 11.2 there exists a pre-
t-modification (βwdd)
mP of βwdd from the multiplicity, and by Lemma 5.8 there
exists a t-modification ((βwdd)
mP )T of (βwdd)
mP . Then, by (iii) of Remark 11.3
∂(((βwdd)
mP )T ) = (∂((βwdd)
mP ))T(11.6)
= ((∂(βwdd))
mP )T
= ((βwdc)
mP − (βwdc
′)mP )T
= ((βwdc)
mP )T − ((βwdc
′)mP )T ,
which shows
[((βwdc)
mP )T ] = [((βwdc
′)mP )T ].(11.7)
Since wd is a common multiple of wc and wc′ ,
[
βwd
wc
((wcc)
mP )T ] = [
βwd
wc′
((wc′c
′)mP )T ].(11.8)
Then we have [ 1
wc
((wcc)
mP )T ] = [ 1
wc′
((wc′c
′)mP )T ]. Thus Ψ is well-defined.
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To show that Ψ is a homomorphism, take any [a], [b] ∈ Hq(M ;Q). Let γ be the
least number such that γwawb is a multiple of wa+b.
Ψ([a]) + Ψ([b]) = [
1
wa
((waa)
mP1)T1 ] + [
1
wb
((wbb)
mP2)T2 ](11.9)
=
1
γwawb
[((γwawba)
mP1)T1 ] +
1
γwawb
[((γwawbb)
mP2)T2 ]
=
1
γwawb
[((γwawba)
mP1)T1 + ((γwawbb)
mP2)T2 ]
=
1
γwawb
[((γwawb(a+ b))
mP )T ]
=
1
γwawb
[
γwawb
wa+b
((wa+b(a+ b))
mP )T ]
= [
1
wa+b
((wa+b(a+ b))
mP )T ]
= Ψ([a+ b])
= Ψ([a] + [b]).
To show that Ψ is injective take any [c] ∈ Hq(M ;Q) such that
1
wc
[((wcc)
mP )T ] =
0 ∈ t-Hq(M ;Q). Then there exists d ∈ t-Cq+1(M ;Q) such that ∂d = ((wcc)mP )T .
By (ii) of Remark 11.3, [wcc] = [(wcc)
mP ] in Hq(M ;Q). By making a prizm
from a t-homotopy, we see that [(wcc)
mP ] = [((wcc)
mP )T ] in Hq(M ;Q). Since
d ∈ Cq+1(M ;Q), [wcc] = 0 ∈ Hq(M ;Q). Thus [c] = 0 ∈ Hq(M ;Q).
To show that Ψ is surjective, take any [c] ∈ t-Hq(M ;Q). Since c ∈ Zq(M ;Q),
Ψ([c]) = [c].
12. ws-singular cohomology
Let M be an orbifold and let Ψ : △q → M be an s-singular simplex of M . We
define the weight w(Ψ) of Ψ as
w(Ψ) = w(Ψ(p))(12.1)
where p is an interior point of △q. It is well-defined by Definition 10.1. We define
ws-singular cochain ws-Cq(M ;Z) as
ws-Cq(M ;Z) = {η ∈ s-Cq(M ;Z) | 〈η,Ψ〉 ∈ w(Ψ)Z for each q-dimensional s-simplex Ψ}.
(12.2)
Let δ be the coboundary operator δ : s-Cq(M)→ s-Cq+1(M) defined by
〈δ(η), c〉 = 〈η, ∂c〉 for η ∈ s-Cq(M), c ∈ s-Cq+1(M).(12.3)
By restricting δ to ws-Cq(M), we have the cochain complex ({ws-Cq(M)}, δ). We
define the ws-singular cohomology group ws-Hq(M ;Z) as the cohomology group of
({ws-Cq(M)}, δ). In [T-Y 2], for a compact, orientable n-dimensional orbifold M ,
we will give the proof of the Poincare´ duality theorem:
t-Hn−q(M,∂M ;Z) ∼= ws-H
q(M ;Z),(12.4)
ws-Hn−q(M,∂M ;Z) ∼= t-Hq(M ;Z).(12.5)
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